We introduce exactly solvable quantum parametric oscillators, which are generalizations of the quantum problems related with the classical orthogonal polynomials of Hermite, Laguerre, and Jacobi type, introduced in the work of Büyükaşık et al. [J. Math. Phys. 50, 072102 (2009)]. Quantization of these models with specific damping, frequency, and external forces is obtained using the Wei-Norman Lie algebraic approach. This determines the evolution operator exactly in terms of two linearly independent homogeneous solutions and a particular solution of the corresponding classical equation of motion. Then, time-evolution of wave functions and coherent states are found explicitly. Probability densities, expectation values, and uncertainty relations are evaluated and their properties are investigated under the influence of the external terms. Published by AIP Publishing. [http://dx
I. INTRODUCTION
Evolution of quantum systems with time-variable parameters is rather old but still an extensive area of research. One of the most fundamental models with explicitly time-dependent Hamiltonian is probably the quantum harmonic oscillator. It appears in many physical branches such as quantum optics, 1-3 quantum fluid dynamics, 4 ion-traps, 5 and cosmology. 6 It is a useful model also in quantum information 7 and quantum computation. 8 As known, for imitation of damped oscillations, Caldirola 9 and Kanai 10 introduced a harmonic oscillator with an exponentially increasing mass. This model admits exact solutions and is widely used to study dissipation in quantum mechanics. 11 Then, different methods have been developed for solving the time-dependent quantum harmonic oscillator. It has been considered first by Husimi, 12 who by proper ansatz reduced the problem to a non-linear Riccati equation. Then, other methods like the path integral method, 13 the Lewis-Riesenfeld time invariant method, 14 and the Wei-Norman dynamical symmetry method 15 were found. In all these approaches, the solution of the quantum problem is given in terms of the classical one. [16] [17] [18] [19] [20] [21] [22] The generalized time-dependent harmonic oscillator, which contains the mixed term (qp +pq) and the linear termsq andp as well, also allows an exact treatment using the several approaches listed above. Husimi, in fact, considered the forced harmonic oscillator and obtained Gaussian type solutions using trial functions. 12 Integrals of motion and coherent states of a damped and forced parametric oscillator were constructed in Ref. 23 . In Ref. 24 the forced Caldirola-Kanai oscillator was solved by the Lewis-Riesenfeld invariant approach, and also by path integration of the Lagrangian giving an exact Feynman propagator. The dynamical invariant approach was used also in Refs. 25-29 to find solutions, uncertainty relations, and coherent states of the generalized oscillator. Recently, quantum integrals of motion for several particular models of the damped and generalized oscillators were constructed in Ref. 30 . In Ref. 31 a unitary operator which connects the generalized oscillator to its new reduced form was obtained, and in Ref. 32 , the propagators of the general quadratic Hamiltonian systems are obtained from the classical action.
Although formal solutions of the general oscillator are obtained by different approaches, exact solutions are investigated mostly for the driven Caldirola-Kanai oscillator. Recently, a wide class of exactly solvable harmonic oscillator models with specific damping and frequency dependence were introduced in terms of the Sturm-Liouville problems for the classical orthogonal polynomials and hypergeometric functions. 33 The goal of this work is to extend our previous results and provide exact explicit solutions for a large class of general quadratic oscillator models, related with the classical orthogonal polynomials. For this we use the Wei-Norman algebraic approach, 15 also known as evolution operator approach, which has been used in many works, such as Refs. [34] [35] [36] [37] [38] [39] [40] [41] . It is a powerful technique for solving evolution problems whose Hamiltonian is a linear combination of generators of a finite dimensional Lie algebra, so that the evolution operator can be represented as product of exponential operators. In case when the Hamiltonian consists of generators of su(1,1) and Heisenberg-Weyl Lie algebras (su(1, 1)  W ), finding the evolution operator reduces to solving a nonlinear system of six first-order differential equations, which can be solved by quadrature. In Sec. II, we obtain and express the solution of this system in terms of two linearly independent homogeneous solutions and a particular solution to the corresponding classical equation of motion. Knowing the exact evolution operator we evaluate the corresponding wave functions and probability densities. Then, the evolution of the initially Glauber coherent states, expectation values, and uncertainty relations at these states are computed. Additionally, we show that the results obtained by the evolution operator approach agree with those obtained by the Lewis-Riesenfeld invariant approach in Ref. 27 . In Sec. III, we introduce exactly solvable generalized harmonic oscillators related with the classical Hermite, Laguerre, and Jacobi type orthogonal polynomials. These quantum parametric oscillators with specific damping and frequency are investigated under the influence of the external terms, and can be seen as generalization of our previous results. 33 The original frequency ω 2 (t) of these models depends on the eigenvalues of the related Sturm-Liouville problem. As known, the external mixed term parameter modifies the original frequency of the classical oscillator. It happens that special choice of this parameter gives a new frequency Ω 2 (t) in terms of a different eigenvalue of the same Sturm-Liouville problem. Then, including also the linear external terms, we call these models as generalized Hermite, Laguerre, and Jacobi type quantum oscillators. For each oscillator type, we give examples with explicit solutions and discuss their properties according to the influence of the external terms. Illustrative plots are constructed for the probability densities and uncertainty relations. Section IV includes brief summary and discussion of the present results.
II. EVOLUTION OPERATOR AND SOLUTION OF THE GENERALIZED TIME-DEPENDENT HARMONIC OSCILLATOR

A. Quantization of the generalized quadratic oscillator
The generalized Hamiltonian for classical oscillator with time-dependent parameters is of the form
and the corresponding equations of motion arė
Then, we have the classical equation of motion in position spacë
and the oscillator equation in momentum spacë
We notice that the parameter B(t) of the mixed term in Hamiltonian (1) leads to modification of the original frequency ω 2 (t), and the external parameters B(t), D(t), and E(t) all contribute to the forcing term of the oscillator. Replacing the canonical variables in classical Hamiltonian (1) by the quantum operators,
we consider the evolution problem for the quantum harmonic oscillator
with general quadratic Hamiltonian
where µ(t) > 0, ω 2 (t), B(t), D(t), E(t), and F(t) are sufficiently smooth, real-valued parameters depending on time. We find the corresponding evolution operator by the Wei-Norman Lie algebraic approach. Indeed, the Hamiltonian (9) can be written as a time-dependent linear combination of Lie algebra generators aŝ
are generators of the Heisenberg-Weyl algebra, and
are generators of the su(1, 1) algebra. Then, the evolution operator for the general oscillator can be written as product of exponential operatorŝ
whereÛ
and f (t), g(t), h(t), a(t), b(t), c(t) are unknown real-valued functions to be determined from the initial value problem (IVP) defining the unitary operatorÛ g , that is,
After performing time differentiation and comparing both sides of the operator Equation (13), we obtain thatÛ g (t,t 0 ) is the solution of the problem, if the unknown functions satisfy the nonlinear system of six first-order equations
In fact, (14) and (15) are two independent systems, one for f , g, h and second for a, b, c. System (14) can be easily solved by realizing that first line is an initial value problem for the non-linear Riccatti equation, and using substitution f (t) = µ(t) (ẋ/x − B(t)) / , it transforms to the classical homogeneous equation of motion
with initial conditions
whose solution we denote by x 1 (t). Assuming that all coefficients in Eq. (16) are continuous on a time interval containing t 0 , by x 2 (t) we denote a second solution of Eq. (16), satisfying the initial conditions
Then, g(t) can be expressed in terms of these two independent solutions. This gives the solution of system (14) in terms of two linearly independent solutions x 1 (t) and x 2 (t) of the homogeneous equation as
On the other hand, we realize that in system (15), the equations for b(t) and a(t) are same with the classical equations (2) and (3) for x(t) and p(t), respectively. Then, using first two equations in system (15), we obtain that b(t) is the solution of the nonhomogeneous Eq. (4), with initial conditions
and we denote this solution by b(t) = x p (t). Similarly, it follows that a(t) = p p (t), where p p (t) is solution of the nonhomogeneous Eq. (5) for momentum, with initial conditions
Then, solution of system (15) is found in terms of the two particular solutions, x p and p p , as
Writing p p (t) in terms of x p (t), the solution of this system becomes
showing that solution of the general oscillator is completely determined by solutions x 1 (t), x 2 (t), and x p (t) of the classical oscillator. We note that choosing different orderings of the exponential operators in the evolution operator (11) leads to different formulations of the system for the six unknown parameters. In any case, the system can be solved by quadrature, but we cannot always easily see its solution in terms of x 1 , x 2 , and x p , as in the present case. Now, after finding all unknown functions in (11), the exact form of the evolution operator becomeŝ
where
. Therefore, with this evolution operator we can solve the quantum oscillator problem (7) for given initial data. Here, as initial functions we choose the normalized eigenstates of the standard Hamiltonian,
are normalization constants, and eigenvalues are E k = ( /ω 0 )(k + 1/2), k = 0, 1, 2, . . .. Applying the evolution operator, and using that (d/dt)(x 2 (t)/x 1 (t)) = 1/(µ(t)x 2 1 (t)), we obtain the exact wave function in the form
and
The probability density is then
where R B (t) is the squeezing (or spreading) coefficient, and x p (t) is the displacement of the wave packet. We note that R B (t) depends on the mixed term coefficient B(t), but does not depend on the external term parameters D(t), E(t), and F(t). On the other hand, the displacement x p (t) clearly depends on all parameters of the Hamiltonian. By previous assumptions, x 1 (t) and x 2 (t) are smooth and cannot be simultaneously zero, and if x p (t) is also smooth, probability density is a conserved quantity, that is
In the limiting case, when all external terms are zero, i.e., B = D = E = F = 0, the probability density takes the form
which coincides with our earlier result in Ref. 33. We also note that
solution of the Ermakov-Pinney differential equation
with the initial conditions
Then it is easy to see that, for this particular solution ϱ(t), the wave functions (25) agree with the wave functions obtained by the Lewis-Riesenfeld approach in Ref. 27 .
B. Heisenberg picture, expectation, and uncertainties at states Ψ k (q, t ).
The position and momentum operators in Heisenberg picture defined bŷ
are obtained explicitly using the evolution operator (23) aŝ
These operators satisfy the Heisenberg equations of motion,
whereq H (t) is the solution of the classical equation (4) andp H (t) is the solution of (5). Then, the expectations of position and momentum at state Ψ k (q,t) can be found using
whereq H (t) is given by (32) andp H (t) is given by (33). Indeed, sincê
whereâ,â † are lowering and raising operators of the standard HamiltonianĤ 0 = ω 0 (â
Then, the expectation values of squares of position and momentum are
As a result, the fluctuations forq andp are found as
and the uncertainty relation in state Ψ k (q,t) becomes
C. Coherent states, expectation values, and uncertainty relation
Coherent states of standard harmonic oscillator (Glauber coherent states) have many useful physical and mathematical properties, and they can be defined in different, but equivalent ways. [42] [43] [44] 18 As minimum uncertainty states they satisfy (∆q) α (∆p) α = /2, and are therefore closest to the classical states. Displacement operator coherent states are defined by the action of the displacement operator D(α) = e αâ † −α * â on the ground state, confirming that they are shifted Gaussian wave packets. Coherent states are known also as annihilation operator eigenstates, that is, ifâ is the annihilation operator of the standard HamiltonianĤ 0 , the coherent states satisfŷ aφ α (q) = αφ α (q), for any complex number α = α 1 + iα 2 , α 1 , α 2 − real. Then, they can be expanded in terms of the eigenstates ϕ k (q) ofĤ 0 as
or can be written in a closed form
According to this, time-evolved coherent states for the standard oscillator become
where α(t) = e −iωt α(t 0 ). Thus, they are also eigenstates of the annihilation operator, but corresponding to the time-dependent eigenvalues, sinceâφ α (q,t) = α(t)φ α (q,t). It follows that coherent states of the standard oscillator remain coherent under time-evolution and they are non-spreading wave packets since d(∆q) α (t)/dt = 0 and expectation of position ⟨q⟩ α (t) follows the classical trajectory. Now, we consider time-evolution of initially Glauber coherent states under the influence of the evolution operator (23) of the generalized parametric oscillator, that is, Φ α (q,t) =Û g (t,t 0 )φ α (q,t 0 ). Using that φ α (q,t 0 ) = φ α (q) is given by (35) , andÛ g (t,t 0 )ϕ k (q) = Ψ k (q,t), one directly gets the generalized coherent states in terms of the wave functions (25) ,
Or applying the evolution operatorÛ g (t,t 0 ) to (36), time-evolved coherent states are found explicitly
and the corresponding probability densities become
As another approach, we show that coherent states Φ α (q,t) can be defined also as eigenstates of the annihilation operatorÂ 0 (t) of a certain dynamical invariantÎ 0 (t) of the generalized Hamiltonian system. Indeed, letÂ 0 
† are the annihilation and creation operators forĤ 0 , respectively. Then the operatorÎ 0 (t), defined aŝ
and is therefore an invariant for the system. Knowing the evolution operator, the loweringÂ 0 (t) and raisingÂ † 0 (t) operators are explicitly found aŝ
where η(t) is given by (26) , andÎ 0 (t) becomeŝ
Then, by construction, we haveÂ 0 (t)Φ α (q,t) = αΦ α (q,t), showing that coherent states Φ α (q,t) are eigenstates ofÂ 0 (t), corresponding to eigenvalues α = α 1 + iα 2 . It is known that for a given Hamiltonian, the invariants depend on the initial wave functions. The invariantÎ 0 (t) found here corresponds to the initial state ϕ k (q), andÎ 0 (t) is special in the sense that its eigenstates are Ψ k (q,t) corresponding to the time-independent eigenvalues E k = ( /ω 0 )(k + 1/2) of the standard HamiltonianĤ 0 , that is,Î 0 (t)Ψ k (q,t) = E k Ψ k (q,t), k = 0, 1, 2, . . . . On the other hand, if we define the operatorsÂ
, that is, coherent states are eigenstates ofÂ(t), corresponding to eigenvalues α(t) = αe −iη (t) . These relations show that the evolution operator approach agrees with the Lewis-Riesenfeld approach in Ref. 27 , and results will be exactly same, when the invariantÎ(t) in Ref. 27 corresponds to the particular solution ϱ(t) of the Eq. (30) with the specific initial conditions (31) . Now, using that ⟨q⟩ α (t) = ⟨φ α (q,t 0 )|q H (t)|φ α (q,t 0 )⟩, the expectation value of position at coherent state Φ α (q,t) is
and using that ⟨p⟩ α (t) = ⟨φ α (q,t 0 )|p H (t)|φ α (q,t 0 )⟩, the expectation value of the momentum is
where p 1 (t) = µ(t)(ẋ 1 (t) − B(t)x 1 (t)) and p 2 (t) = µ(t) ẋ 2 (t) − B(t)x 2 (t) are two linearly independent solutions of the homogeneous part of the classical oscillator (5) in momentum space. Obviously, the expectation values at coherent states satisfy the classical equations of motion. We note that the homogeneous solutions of the classical oscillator can be written also in terms of the functions ϱ(t) and η(t) as
Then, it is not difficult to see that, if the expectation values ⟨q⟩ α (t) and ⟨p⟩ α (t) are evaluated using the operatorsÂ(t) andÂ † (t), as in the LR-invariant approach, 27 they will agree with (40) and (41) . Next, finding the expectation of squares
We see that the expectation values depend on all parameters of the Hamiltonian; however, the fluctuations depend only on µ(t), ω 2 (t), and parameter B(t). In other words, uncertainties does not depend on the external linear terms, which contribute only to displacement of the wave packet. Finally, the uncertainty relation for the generalized harmonic oscillator with time dependent parameters is
where clearly (∆q) α (∆p) α ≥ /2, and this relation coincides with the uncertainty relation at Gaussian (ground) state for k = 0 in Eq. (34) . As a result we can say that our formulas confirm the well-known properties, such as coherent states of the generalized parametric oscillator are displaced Gaussian wave packets, they are eigenstates of the annihilation operator of a dynamical invariant, and follow the classical trajectory. However, they are spreading or squeezing in time, since (∆q) α (t) given by (43) depends explicitly on time, and are no longer minimum uncertainty states, as we can see from Eq. (45).
III. EXACTLY SOLVABLE MODELS
Since the solution of the generalized time-dependent quadratic oscillator is completely determined by the corresponding classical equation of motion, it is interesting to consider cases for which this equation has exact closed form solutions. Here, we introduce generalized oscillator models related with the classical orthogonal polynomials, which are eigenfunctions of certain singular Sturm-Liouville problems, and are also solutions of a classical oscillator of the form
Precisely, we shall consider problems in which the damping Γ(t) =μ(t)/µ(t) and the modified frequency
are coefficients of the classical Hermite, Laguerre, and Jacobi differential equations. Clearly, this requires a special relation between the original frequency ω 2 (t) and the parameter B(t). To see this relation, we denote by
the modification of the original frequency ω 2 (t). Then, substitution B(t) =ẏ/y in (47) gives differential equation for classical oscillator with frequency Λ 2 (t),
This suggests that it is possible to obtain the exact solutions of the classical oscillator (46), when for given parameters µ(t), ω 2 (t), and B(t) Equations (46) and (48) are related with the same Sturm-Liouville problem, that is, the frequencies Ω 2 (t) and Λ 2 (t) are compatible. According to this, in Subsections III A-III C we introduce generalized Hermite, Laguerre, and Jacobi type oscillators.
A. Hermite type generalized quantum oscillator
We define the Hermite type generalized quantum oscillator by the Hamiltonian
with variable mass µ(t) = e −t 2 , constant frequency ω 2 (t) = 2n, n = 0, 1, 2, . . ., and mixed term parameter B(t) =Ḣ r /H r , where
are the standard Hermite polynomials, and external parameters D(t), E(t), and F(t). Then, the classical equation of motion is a forced Hermite differential equation
with time-variable damping Γ(t) =μ/µ = −2t, and modified frequency Ω 2 (t) = ω 2 (t) + Λ 2 (t) = 2(n + r), where r = 0 corresponds to the case B(t) = 0. Note that coefficients of the homogeneous equation are continuous, despite that B(t) has singularities at the zeros of H r (t). Then, essential properties of the particular solution will depend on the total forcing term in Eq. (50). By special choice of E(t), it is possible to remove the singularities in the total force, so that it also becomes continuous. Then, solution of the quantum oscillator with Hamiltonian (49) can be written in terms of two independent homogeneous solutions x 1 (t) and x 2 (t) of (50), satisfying the initial conditions
respectively, and a particular solution x p (t) of (50) satisfying x p (t 0 ) = 0,ẋ p (t 0 ) = E(t 0 ). When these solutions are smooth, probability densities of the wave functions and the coherent states (38) will be also smooth. However, singularities of B(t) will be reflected in momentum expectation values (41) and fluctuations (44) , and in the uncertainty relation (45), as we will show in the examples. Before this, we recall that the solution of the homogeneous Eq. (50) with given initial conditions, in general, will be a linear combination of Hermite polynomial and a confluent hypergeometric function of first kind 1 F 1 (a, b; t), which is represented by the series
where (a) n and (b) n are Pochhammer symbols that are given by the relation (a) n = Γ(a + n)/Γ(a). However, there are some cases which can be easily treated:
(i) when n is an odd positive integer and r is an even positive integer, that is, n = 2k + 1 and r = 2s, k, s = 0, 1, 2, 3, . . ., t 0 = 0, and x 0 = 1/Ḣ 2(k+s)+1 (0), x 1 (t) = x 0 ( 1 F 1 (−(2(k + s) + 1)/2, 1/2; t 2 )) and second solution is the Hermite polynomial x 2 (t) = H 2(k+s)+1 (t); (ii) when n and r are both positive even integers, that is, n = 2k and r = 2s, k, s = 0, 1, 2, 3, . . ., t 0 = 0, and x 0 = H 2(k+s) (0), the first solution is the Hermite polynomial, x 1 (t) = H 2(k+s) (t), and the second linearly independent solution is x 2 (t) = t/x 0 ( 1 F 1 (−(k + s − 1/2), 3/2; t 2 )).
On the other hand, the particular solution of Eq. (50) will depend on the choice of the external parameters. We write some special cases which could be of interest:
, and E(t 0 ) = 0, the total force in (50) is zero, so that x p (t) = 0, and p p (t) = −µ(t)E(t). (b) When B(t) = 0 and D(t) = −µ(t)ω 2 (t)
To get better insight into the problem, we give concrete examples. Example 1. (a) Let n = 2, r = 2, and B(t) =Ḣ 2 (t)/H 2 (t), but D(t) = E(t) = F(t) = 0, so that there is no linear force. Then, the Hamiltonian iŝ
and the corresponding classical equation of motion becomesẍ − 2tẋ + 8x = 0. For t 0 = 0, two linearly independent homogeneous solutions, satisfying the initial conditions x 1 (0) = 12,ẋ 1 (0) = 0, and x 2 (0) = 0,ẋ 2 (0) = 1/12, are
where erfi(t) is the imaginary error function defined by erfi(t) = (2/ √ π)  t 0 e s 2 ds, and
which is smooth, oscillatory in a finite time-interval near t = 0, and R B (t) → 0 as t → ∞. Then, the probability density ρ n,r k (q,t) = |Ψ n,r k (q,t)| 2 for n = 2, r = 2 becomes
and in Fig. 1(a) we plot it for k = 2, where one can see that it is smooth, and since k = 2, it has two moving zeros. Also, the essentially nontrivial localization of the particle takes place for |t| ≤ 2, and for |t| ≥ 2 the probability density spreads along q-coordinate. The probability density in coherent state ρ n,r
and (q, t)| 2 ,
In Fig. 1(b) we plot (52) for α = 1/ √ 2 + i(1/ √ 2). We observe that it is a Gaussian type wave packet following the classical trajectory.
With R B (t) as found in (51), fluctuations forq andp and uncertainty relation at coherent states take the form
Since coefficients of the classical equation are continuous, the expectations (53) and fluctuations (55) of the position are smooth. In a finite time interval near the origin, (∆q) α (t) oscillates, and for |t| → ∞ we have increasing (∆q) α (t), showing spreading in position. On the other hand, the singularities of the coefficient B(t) at zeros of H 2 (t), are reflected in the expectations (54) and fluctuations (56) of the momentum. Then, as shown in Fig. 2 , the uncertainty (57) is oscillatory in a finite time interval near the origin, but it has singularities at the two zeros of the Hermite polynomial H 2 (t). As |t| → ∞, (∆q) α (∆p) α (t) → ∞, which shows that the uncertainties do not compensate each other in the limiting case.
(b) Now, we consider the oscillator in part (a) under the influence of linear external terms. That is, n = 2,r = 2, and we choose D(t) = t H 2 (t), E(t) = −((1 + 2t
2 )H 2 (t)e t 2 )/4, F(t) = 0. Then, the Hamiltonian becomes
, and the corresponding classical equation is
We note that, by above choice of D(t) and E(t), p p (t) is zero and E(t) compensates the singularities coming from B(t), so that the forcing term in Eq. (58) is continuous. For t 0 = 0, two homogeneous solutions x 1 (t) and x 2 (t) of (58) 
. This gives new probability density
with R B (t) as found in part (a), but position coordinate displaced by x p (t). The influence of this displacement can be seen in Fig. 3(a) . On the other hand, the new probability density in coherent states is in the form of the Eq. (52) with
and its evolution is shown in Fig. 3(b) . Clearly, expectation of position (53) is also displaced by x p (t), but the expectation of momentum ⟨p⟩ α (t) given by Eq. (54) does not change, since in this example p p (t) = 0. From the general results we know that the fluctuations and uncertainty relation obtained in part (a) does not change under the influence of the linear external terms.
B. Associated Laguerre type generalized quantum oscillator
We define a generalized associated Laguerre type oscillator by the Hamiltonian
with variable mass µ(t) = t m+1 e −t , m > −1, variable frequency ω 2 (t) = n/t, n = 0, 1, 2, . . ., and
r are the associated Laguerre polynomials. The corresponding classical oscillator is a forced associated Laguerre differential equation
with damping Γ(t) = (m + 1 − t)/t, and modified frequency Ω 2 (t) = (n + r)/t. Here, we shall examine and give example for the case when m = 0.
Laguerre type generalized quantum oscillator
For m = 0, the Hamiltonian for a Laguerre type generalized oscillator iŝ
where µ(t) = te −t , ω 2 (t) = n/t, n = 0, 1, 2, . . . , t ∈ (0, ∞), B(t) =L r (t)/L r (t), and
are the standard Laguerre polynomials. Then, the corresponding classical oscillator is a forced Laguerre differential equation
with Γ(t) = (1 − t)/t, and Ω 2 (t) = (n + r)/t. Since coefficients of the homogeneous equation are continuous for t > 0, assuming the total force is also continuous for t > 0, the solution of the quantum oscillator with Hamiltonian (61) can be written in terms of two independent homogeneous solutions x 1 (t) and x 2 (t) of (62), satisfying the initial conditions
respectively, and a particular solution x p (t) of (62) satisfying
Example 2. (a) Let n = r = 1, B(t) =L 1 (t)/L 1 (t) and D(t) = E(t) = F(t) = 0. Then, the Hamiltonian becomesĤ
and the classical equation isẍ + (1 − t)/tẋ + 2/t x = 0. For t 0 = 2, two solutions satisfying the conditions x 1 (2) = 1,ẋ 1 (2) = 1 and x 2 (2) = 0,ẋ(2) = e 2 /2, respectively, are
where Ei(t) is the exponential integral defined by Ei(t) = −  ∞ −t (e −s /s)ds. With above x 1 (t) and x 2 (t), we have
which is smooth for t > 0 and R B (t) → 0 as t → ∞. Then, the corresponding probability density for n = 1, r = 1 is
and in Fig. 4(a) we plot it for k = 2. The probability density is a smooth function, which has two moving zeros, since k = 2. It shows oscillatory behavior in a finite time interval near t = 0, and then spreads along the q-coordinate. The probability density ρ 
expectation values are
where x 1 (t), x 2 (t) are defined by (63) and (64). In Fig. 4(b) we plot ρ 1,1 α (q,t). Also, (66) and (67) show that the wave packet of the coherent state follows the trajectory of the classical particle. With R B (t) calculated from (65), the fluctuations and uncertainty relation becomes
Since the solution of the classical oscillator is given in terms of Laguerre polynomials and exponential functions, (∆q) α (t) shows oscillatory behavior in a finite time interval near t = 0, while for |t| → ∞, (∆q) α (t) goes to infinity, which confirms spreading in position coordinate. However, the singularity in parameter B(t) at the zero of L 1 (t) appears both in the expectation (67) and fluctuation (69) of the momentum, where it becomes undefined. Consequently, the uncertainty relation also has singularity at finite time, where L 1 (t) = 0, and for t → 0 and t → ∞, one has (∆q) α (∆p) α → ∞, as one can see in Fig. 5 .
(b) Now, we consider the system in part (a) under the influence of linear external terms. That is, let n = 1,r = 1, and D(t) = (t − 2)L 2 (t), E(t) = (1 − t)L 2 (t)e t , F(t) = 0. Then, the corresponding Hamiltonian iŝ
and the classical equation becomes For t 0 = 2, solutions x 1 (t) and x 2 (t) of Eq. (71) are same as in part (a), and the particular solution satisfying the initial conditions
Thus, the new probability density is
with R B (t) as found in part (a), and position coordinate displaced by x p (t), see Fig. 6 (a).
The new probability density follows the classical trajectory
and it is plotted in Fig. 6(b) . Comparing the probability densities, found in part (a) and part (b) of this example, one can explicitly see the change in the evolution of the wave packets under the displacement of the position coordinate by x p (t).
FIG. 6. Laguerre type generalized oscillator, when
(q, t)| 2 , n = r = 1, and k = 2. (b) Probability density ρ 1,1
, n = r = 1.
C. Jacobi type generalized quantum oscillator
We define a generalized Jacobi type oscillator by a Hamiltonian of the form
with mass µ(t)
are the Jacobi polynomials. Then, the corresponding classical oscillator is a forced Jacobi differential equationẍ
is the damping coefficient, and
1 − t 2 is the modified frequency. Thus, to preserve the structure after the modification, for given n,r = 0, 1, 2, . . . and a, b > −1, we need to find nonnegative integer m, for which the equation n(n + a + b + 1) + r(r + a + b + 1) = m(m + a + b + 1) holds. We shall treat explicitly two special cases: for a = b = 0 the Legendre generalized oscillators and for a = b = −1/2 the first-kind Chebyshev (FKC) oscillator.
Legendre type generalized quantum oscillator
The Hamiltonian for a Legendre type generalized oscillator iŝ
where µ(t) = (1 − t 2 ), ω 2 (t) = n(n + 1)/ 1 − t 2 , n = 0, 1, 2, . . ., t ∈ (−1, 1), B(t) =Ṗ r (t)/P r (t), and
are the Legendre polynomials. Then, the classical equation is a forced Legendre differential equationẍ
with Γ(t) = −2t/(1 − t 2 ) and Ω 2 (t) = [n(n + 1) + r(r + 1)]/(1 − t 2 ). Here, if for given n and r (r 1), m is a positive integer satisfying the equation n(n + 1) + r(r + 1) = m(m + 1), then the homogeneous part of Eq. (75) has a solution of the form
where P m (t) are Legendre polynomials, and Q m (t) are the Legendre functions of the second kind given by the formula
Example 3. Let n = 2, r = 2, and B(t) =Ṗ 2 (t)/P 2 (t), D(t) = tP 2 (t), E(t) = −P 2 (t)/6, F(t) = 0. Then the Hamiltonian becomeŝ
and the corresponding classical equation is
For t 0 = 0, two homogeneous solutions x 1 (t) and x 2 (t) of Eq. (76), satisfying the initial conditions x 1 (0) = −2/3,ẋ 1 (0) = 0 and x 2 (0) = 0,ẋ 2 (0) = −3/2, are
since for n = 2, r = 2 we have m = 3. Then the particular solution satisfying the initial conditions
and we calculate
which is bounded and has oscillatory behavior for t ∈ (−1, 1), and R B (t) → 0, when t → ±1. Then, the probability density in state Ψ 2,2 k
which is plotted for k = 2 in Fig. 7(a) . Here
) , and we plot the probability density ρ 2,2 α (q,t) in Fig. 7(b) . With R B (t) given by (77) we get the fluctuation forq andp, and uncertainty relation at coherent states as follows:
Because the coefficients of the forced oscillator (76) are continuous, the expectations (78) and fluctuations (80) of the position are smooth on the interval t ∈ (−1, 1). But the expectations (79) and fluctuations (81) of the momentum are not defined at zeros of P 2 (t). The uncertainty relation is bounded on (−1,1) , except in the neighborhoods of the zeros of P 2 (t), where it tends to infinity, see FIG. 7 . Legendre type generalized oscillator, when D(t) = t P 2 (t), E(t) = −P 2 (t)/6, F(t) = 0. (a) Probability density ρ 2,2 2
Fig . 8 . Clearly, if the parameter B(t) was taken to be zero, then the uncertainty relation would have been bounded for all t ∈ (−1, 1).
First-kind Chebyshev type generalized quantum oscillator
The Hamiltonian for a FKC generalized oscillator iŝ
where µ(t) = √ 1 − t 2 , ω 2 (t) = n 2 / 1 − t 2 , n = 0, 1, 2, . . ., t ∈ (−1, 1), B(t) =Ṫ r (t)/T r (t), and
are the first-kind Chebyshev polynomials. Then, the classical equation is a forced FKC differential equationẍ
FIG. 8. Uncertainty relation for generalized Legendre oscillator, n = r = 2.
)  , and we plot ρ 3,4 α (q,t) in Fig. 9(b) . Also, with R B (t) given by (86) we have
We see that the expectations (87) and fluctuations (89) of the position are smooth, but at the singularities of B(t) the expectations (88) and fluctuations (90) of momentum are not defined. Since B(t) has singularities at the four zeros of the FKC polynomial T 4 (t), the uncertainty relation is also singular at these points. On the other hand, when |t| → ±1, uncertainty approaches minimum, that is (∆q) α (∆p) α (t) → /2, see Fig. 10 .
IV. SUMMARY AND DISCUSSION
Quantum system with the most general quadratic Hamiltonian and time-variable parameters was solved using Wei-Norman algebraic approach. We found the exact form of the evolution operator in terms of two linearly independent homogeneous solutions and a particular solution of the corresponding forced classical oscillator. Using the evolution operator we were able to obtain wave functions, coherent states, probability densities, expectations, and uncertainties. These general results can be directly used to study many limiting cases and various variable parametric oscillators.
To understand better the behavior of such systems, it is always important to have exactly solvable models. A large class of exactly solvable harmonic oscillator models related with the classical orthogonal polynomials and special functions was introduced in Ref. 33 . As an extension and generalization of these results, in the present work we have investigated quantum parametric oscillators of Hermite, Laguerre, and Jacobi type, under the influence of external forces. By a special choice of the mixed term parameter B(t), which modifies the original frequency, we were able to preserve the structure of the original oscillator. However, as we have seen in Hermite, Laguerre, and Jacobi type oscillators, this choice of B(t) develops finite time singularities at the zeros of the related orthogonal polynomials. In that case, we observed that probability densities and expectations of position remain smooth, but singularities of B(t) are reflected in the expectations of momentum and the uncertainty relation. Precisely, momentum is not defined at these points, and when time approaches these singularities, uncertainty relation tends to infinity.
The probability densities of all models in consideration are showing oscillatory behavior in some finite time interval near the initial point, due to finite number of oscillations in the corresponding classical oscillator. When time increases, we have studied the contribution of B(t) to the amplitude and the spreading coefficient R B (t) of the wave packets, corresponding to wave functions Ψ k (q,t) and coherent states Φ α (q,t). For the Hermite and Laguerre oscillators, which are defined on infinite time intervals, the amplitude of the wave packets is decreasing and approaching zero with increasing time, and wave packets are spreading along q-coordinate, since R B (t) → 0 as |t| → ∞. So, we can say that Hermite and Laguerre oscillators exhibit the opposite behavior to the Caldirola-Kanai oscillator with positive damping coefficient, for which probability density amplitudes increase without bound, and wave packets are squeezing as time increases, since R B (t) → ∞ as t → ∞. 45 For the Legendre oscillator, defined on finite time interval (−1, 1), we have R B (t) → 0, as t → ±1, so that wave amplitudes approach zero in the neighborhood of t = ±1, and wave packets are spreading with respect to q. However, for the first-kind Chebyshev model, R B (t) is bounded in t ∈ (−1, 1), but does not approach zero for t → ±1, as in the case of the Legendre oscillator.
On the other hand, we have confirmed that the parameters D(t) and E(t) of the linear terms lead to displacement in the position coordinate of the wave packets, so that expectation values of position and momentum are shifted by the particular solutions x p (t) and p p (t), of the classical oscillators. In order to see the influence of the external terms and make comparison, we have constructed several examples with and without external forces. The probability densities for each case were obtained, and their evolution was illustrated graphically. As we have seen in Hermite and Laguerre oscillators, the influence of the external linear terms can change the evolution of the wave packets essentially. The forces in the given models were chosen to be continuous, but it could be interesting to consider discontinuous and Dirac-delta like forces as well. The work in this direction is in progress.
Clearly, the problems elaborated in this work can provide a basis for investigation of various generalized parametric oscillators related with other orthogonal polynomials and hypergeometric functions. Moreover, the representation of the complex wave functions in terms of modulus and phase, Ψ = √ ρ exp(iS/ ), transforms the linear Schrödinger equation into a system of nonlinear hydrodynamic-like equations, known as the Madelung fluid equations. [45] [46] [47] Then, the Madelung representation of the generalized parametric oscillators can be used also as a fundamental tool for description of quantum fluids and nonlinear evolution equations with variable parameters. Such problems are now under investigation.
